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Abstract
The Casimir-Polder interaction of an atom with a metallic wall is investigated in the framework
of the Lifshitz theory. It is demonstrated that in some temperature (separation) region the Casimir-
Polder entropy takes negative values and goes to zero when the temperature vanishes. This result
is obtained both for an ideal metal wall and for real metal walls. Simple analytical representations
for the Casimir-Polder free energy and force are also obtained. These results are used to make a
comparison between the phenomenological potential used in the theoretical description of quantum
reflection and exact atom-wall interaction energy, as given by the Lifshitz theory. Computations are
performed for the atom of metastable He∗ interacting with metal (Au) and dielectric (Si) walls. It
is shown that the relative differences between the exact and phenomenological interaction energies
are smaller in the case of a metallic wall. This is explained by the effect of negative entropy which
occurs only for a metal wall. More accurate atom-wall interaction energies computed here can be
used for the interpretation of measurement data in the experiments on quantum reflection.
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I. INTRODUCTION
Atom-wall interaction, which is a special case of dispersion interactions caused by quan-
tum fluctuations, plays an important role in different physical, chemical and biological phe-
nomena [1]. At short separations from several angstroms to a few nanometers the interaction
of an atom with a wall is described by the nonretarded van der Waals potential of the form
V3 = −C3/a3 [2]. At separations of about 1µm the interaction between an atom and a wall
is of relativistic character and is described by the Casimir-Polder potential V4 = −C4/a4 [3].
The Lifshitz theory [4, 5] provides a complete description of atom-wall interaction including
the transition region from the nonrelativistic to relativistic regime. It also predicts that at
separations larger than a few micrometers thermal effects become dominating. The Lifshitz
theory takes into account realistic properties of an atom and of a wall material. In so doing
atom is described by the dynamic polarizability as a function of frequency and wall by the
frequency-dependent dielectric permittivity. Over a period of years many experiments were
performed on measuring atom-wall interaction in different separation regions. From the the-
oretical side, more accurate expressions for the atom-wall interaction energy were obtained
(see Refs. [6, 7, 8] for the literature on the subject and calculational results).
On the modern stage of experimental research of atom-wall interaction, the magnitude
and the distance dependence of the Casimir-Polder force were confirmed in Ref. [9] when
studying the deflection of ground-state Na atoms passing through a micron-sized parallel
plate cavity. The experimental data were compared with the theoretical position-dependent
potential for an atom between parallel ideal metal plates [10, 11]. Of special interest are
situations when the wave nature of atom becomes dominant with respect to its classical
behavior as a particle. Such a pure quantum effect is what is called quantum reflection,
i.e., a process in which a particle moving through a classically allowed region is reflected
by a potential without reaching a classical turning point. This is in fact a reflection of an
ultracold atom under the influence of an attractive atom-wall interaction or, in other words,
the above-barrier reflection. The phenomenon of quantum reflection has become observable
due to the success in the production of ultracold atoms. First it was demonstrated with liquid
surfaces [12, 13, 14, 15] and then with Si, glass [16], α-quartz crystal [17] and Cu surfaces
[18]. It was shown [19] that quantum reflection is particularly sensitive to details of the
atom-surface interaction energy. On the other hand, low-energy scattering from asymptotic
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power law potentials on metallic surfaces was examined in Ref. [20].
For theoretical calculation of the reflection amplitude, a simple phenomenological atom-
wall interaction potential is commonly used [17, 21, 22], which is an interpolation between
the nonretarded van der Waals potential V3 and the Casimir-Polder potential V4. The
comparison of computational results with the measurement data for the reflection amplitudes
allows one to estimate the parameters of the phenomenological potential. However, the
increasing precision of the measurements requests comparison with the more accurate atom-
wall interaction potentials obtained from the Lifshitz theory and taking into account realistic
properties of the atom and the material of the wall.
In this paper we investigate the characteristic properties of the interaction of atoms with
metallic walls in the framework of the Lifshitz theory. We start with the case of an ideal
metal wall and obtain the analytical expressions for the Casimir-Polder free energy and force
in different separation and temperature regions. The delicate point that in the limit of short
separation distances the interaction energy depends on the velocity of light is discussed. The
asymptotic behavior of the Casimir-Polder entropy at low temperatures (short separations),
which is typical for any model of the metal, is investigated. Negative values of the entropy
arising within some region of separations are linked to a similar situation in the configura-
tion of metal-dielectric [23, 24, 25]. Then, we summarize the calculation results for an atom
interacting with a wall made of real metal and obtain simple analytical expressions for the
Casimir-Polder interaction energy and force applicable to moderate atom-wall separations.
Special attention is paid to the asymptotic behavior of the Casimir-Polder entropy at low
temperatures. It is shown that the entropy goes to zero when the temperature vanishes,
in accordance with the Nernst heat theorem. (Recall that violation of Nernst’s theorem
occurs for two parallel plates described by the Drude model with vanishing relaxation pa-
rameter when temperature vanishes [26]; this situation was debated in the literature, see,
e.g., Refs. [27, 28, 29, 30].) However, we show that at low temperatures the Casimir entropy
of the atom-wall interaction for real metal wall approaches zero from the negative values like
this occurs for an ideal metal wall. Finally we compare the phenomenological potentials used
in the calculation of reflection amplitudes in quantum reflection with the accurate results
of numerical calculations using the Lifshitz formula. Both the cases of metallic (Au) and
dielectric (Si) walls interacting with an atom of metastable He∗ are considered. It is shown
that the maximum deviation between the phenomenological and accurate results achieves
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12.5% for Si at a separation a = 300 nm and 10.5% for Au at a = 400 nm. Increasing the
separation, larger deviations between the accurate and phenomenological potential occur,
especially for dielectric walls. It is shown that the effect of negative Casimir-Polder entropy,
discovered in this paper in the configuration of an atom near a metal wall, makes the devi-
ation between the accurate and phenomenological potentials smaller. Thus, with increasing
experimental precision the use of more accurate expressions for the interaction energy in the
calculation of reflection amplitudes may become preferable.
The paper is organized as follows. In Sec. II we briefly summarize the main results and
notations used in the subsequent sections. Section III contains consideration of an atom
near an ideal metal wall. In Sec. IV simple analytical expressions for the case of real metal
wall are obtained. In Sec. V the low-temperature asymptotic behavior of the Casimir-Polder
entropy is discussed. Section VI is devoted to the comparison between the phenomenological
interaction energy commonly used to describe quantum reflection and a more accurate one
obtained from the Lifshitz theory. Our conclusions and discussion are contained in Sec. VII.
II. LIFSHITZ FORMULAS FOR AN ATOM NEAR A WALL
In accordance with the Lifshitz theory, the free energy of an atom-wall interaction for a
wall at temperature T in thermal equilibrium with environment is given by
F(a, T ) = −kBT
∞∑
l=0
′
α(iξl)
∫ ∞
0
k⊥dk⊥qle
−2aql (1)
×
{
2rTM(iξl, k⊥)− ξ
2
l
q2l c
2
[rTM(iξl, k⊥) + rTE(iξl, k⊥)]
}
.
Here, a is the separation distance between an atom and a wall, α(ω) is the atomic dynamic
polarizability, ξl = 2pikBT l/~ with l = 0, 1, 2, . . . are the Matsubara frequencies, kB is the
Boltzmann constant, k⊥ is the projection of the wave vector on the plane of a wall (i.e.,
perpendicular to the z direction), prime near the summation sign means that a multiple
1/2 is added to the term with l = 0, and q2l = k
2
⊥ + ξ
2
l /c
2. The reflection coefficients for
two independent polarizations of the electromagnetic field, transverse magnetic (TM) and
transverse electric (TE), are given by
rTM(iξl, k⊥) =
εlql − kl
εlql + kl
, rTE(iξl, k⊥) =
ql − kl
ql + kl
, (2)
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where k2l = k
2
⊥+ εlξ
2
l /c
2 and εl = ε(iξl) is the frequency-dependent dielectric permittivity of
the wall material calculated at the imaginary Matsubara frequencies.
From Eq. (1), we obtain the Lifshitz-type formula for the Casimir-Polder force acting on
an atom near a wall:
F (a, T ) = −∂F(a, T )
∂a
= −2kBT
∞∑
l=0
′
α(iξl)
∫ ∞
0
k⊥dk⊥q
2
l e
−2aql (3)
×
{
2rTM(iξl, k⊥)− ξ
2
l
q2l c
2
[rTM(iξl, k⊥) + rTE(iξl, k⊥)]
}
.
The interesting characteristic feature of Eqs. (1) and (3) describing atom-wall interaction
is that the transverse electric reflection coefficient at zero frequency, rTE(0, k⊥), does not
contribute to the result as it is multiplied by the factor ξ20 = 0. Because of this, in the case of
metal wall the obtained values of the free energy and force do not depend on the model used
for the metal. However, in the case of a dielectric wall, the results obtained depend on the
transverse magnetic reflection coefficient at zero frequency, rTM(0, k⊥). This can be used as a
test for the model of the dielectric permittivity of the wall material [24, 25, 31, 32, 33, 34, 35].
Below we perform some analytical calculations of the van der Waals and Casimir-Polder
interactions. Also numerical computations are performed for metastable He∗ atoms and
walls made of different materials. For both these purposes it is useful to express Eqs. (1)
and (3) in terms of the dimensionless variables
y = 2qla, ζl =
ξl
ωc
= τl,
τ = 4pi
kBaT
~c
= 2pi
T
Teff
, (4)
where ωc ≡ c/(2a) is the so-called characteristic frequency and Teff = ~ωc/kB is the charac-
teristic temperature. Then, the Casimir-Polder free energy for an atom near a wall is given
by
F(a, T ) = −kBT
8a3
∞∑
l=0
′
α(iζlωc)
∫ ∞
ζl
dye−y (5)
×{2y2rTM(iζl, y)− ζ2l [rTM(iζl, y) + rTE(iζl, y)]} .
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The reflection coefficients are expressed in these variables in the following way:
rTM(iζ, y) =
εy −√y2 + ζ2(ε− 1)
εy +
√
y2 + ζ2(ε− 1) , (6)
rTE(iζ, y) =
y −
√
y2 + ζ2(ε− 1)
y +
√
y2 + ζ2(ε− 1) , ε ≡ ε(iωcζ).
The respective expression for the Casimir force acting on an atom is
F (a, T ) = −kBT
8a4
∞∑
l=0
′
α(iζlωc)
∫ ∞
ζl
dyye−y (7)
× {2y2rTM(iζl, y)− ζ2l [rTM(iζl, y) + rTE(iζl, y)]} .
Note that here we consider atoms in the ground state and assume that thermal radiation is
not so strong to excite electrons to higher states. The case of excited atoms is discussed in
Ref. [36]. The possible impact of virtual photon absorption on the Casimir-Polder force was
considered in Ref. [37].
The Casimir-Polder free energy, as given in Eq. (5), can be represented in the form
F(a, T ) = E(a, T ) + ∆F(a, T ). (8)
Here, the quantities E(a, T ) and ∆F(a, T ) are obtained from Eq. (5) by the application of
the Abel-Plana formula [38, 39]
∞∑
n=0
′
F (n) =
∫ ∞
0
F (t)dt+ i
∫ ∞
0
dt
e2pit − 1 [F (it)− F (−it)] . (9)
They are given by
E(a, T ) = ~c
32pia4
∫ ∞
0
dζ
∫ ∞
ζ
dy h(ζ, y), (10)
h(ζ, y) = −α(iωcζ)e−y
{
2y2rTM(iζ, y)
−ζ2 [rTM(iζ, y) + rTE(iζ, y)]
}
,
∆F(a, T ) = i~cτ
32pia4
∫ ∞
0
dt
H(itτ)−H(−itτ)
e2pit − 1 ,
H(x) ≡
∫ ∞
x
dy h(x, y).
For the temperature-independent permittivities one gets E(a, T ) = E(a), where E(a) is
the Casimir-Polder energy at zero temperature, and ∆F(a, T ) = ∆TF(a, T ), the thermal
correction to it.
6
Equations (1) and (3) present the Casimir-Polder energy and force at any separation
between an atom and a wall. In the nonrelativistic limit (short separations if compared with
the characteristic absorption wavelength of plate material) summation in these equations
can be replaced by integration along continuous frequencies. At such short separations the
velocity of light c can effectively be put equal to infinity. Then, the Casimir-Polder (van der
Waals) atom-wall interaction energy is given by
E(a) = − ~
2pi
∫ ∞
0
dξα(iξ)
∫ ∞
0
k⊥dk⊥
√
k2⊥ +
ξ2
c2
× e−2a
q
k2
⊥
+
ξ2
c2
{
2rTM(iξ, k⊥) (11)
− ξ
2
c2k2⊥ + ξ
2
[rTM(iξ, k⊥) + rTE(iξ, k⊥)]
}
≈ −~
pi
∫ ∞
0
dξα(iξ)
∫ ∞
0
k2⊥dk⊥e
−2ak⊥rTM(iξ, k⊥).
In the nonrelativistic limit, from Eq. (2) one obtains
rTM(iξ, k⊥) ≈ ε(iξ)− 1
ε(iξ) + 1
. (12)
Substituting this result into Eq. (11) one arrives at the van der Waals energy for atom-wall
interaction
V3 = E(a) = −C3
a3
, C3 =
~
4pi
∫ ∞
0
dξα(iξ)
ε(iξ)− 1
ε(iξ) + 1
. (13)
In the case of the relativistic limit of atom-wall interaction, it is considered below separately
for ideal and real metals.
III. ATOM NEAR AN IDEAL METAL PLANE
The configuration of an atom near metallic wall suggests some interesting and unexpected
features connected with the behavior of the Casimir-Polder entropy at low temperature.
This can be observed already in the simplest case of an atom interacting with an ideal metal
plane. The Casimir-Polder free energy of atom-wall interaction is given by Eq. (1). From
substitution of the reflection coefficients for an ideal metal plane,
rTM(iξl, k⊥) = 1, rTE(iξl, k⊥) = −1, (14)
one obtains
F(a, T ) = −2kBT
∞∑
l=0
′
α(iξl)
∫ ∞
0
k⊥dk⊥qle
−2aql . (15)
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In the region of short and moderate separation distances between an atom and a metal
plane, where the thermal effects can be neglected, the free energy is approximately equal to
the energy. The latter can be obtained from Eqs. (11) and (14)
E(a) = −~
pi
∫ ∞
0
dξα(iξ)
∫ ∞
0
k⊥dk⊥qe
−2aq. (16)
Introducing the dimensionless variables y = 2aq, ζ = ξ/ωc and integrating with respect to
y, we can rearrange this equation to the form
E(a) = − ~c
16pia4
∫ ∞
0
dζα(iωcζ)(ζ
2 + 2ζ + 2)e−ζ. (17)
If we consider moderate separations from about 1µm to 3µm only, the approximation of
a static atomic polarizability, α(iωcζ) ≈ α(0), works well. In this case, Eq. (17) leads to
V4 = E(a) ≡ ECP(a) = −C4
a4
= − 3~c
8pia4
α(0). (18)
This result was first obtained by Casimir and Polder [3] and corresponds to the relativistic
atom-wall interaction potential.
At all separations larger than 50–70 nm the single-oscillator model for the dynamic atomic
polarizability leads to less than 1% deviations from the calculational results using highly
accurate atomic polarizabilities [8]. The single-oscillator model presents α(iξ) in the form
α(iξ) =
α(0)
1 + ξ
2
ω2
0
=
α(0)
1 + ω
2
c
ω2
0
ζ2
≡ α(iωcζ). (19)
Here, ω0 is the characteristic absorption frequency for the atom under consideration. We
perform calculation under the assumption that βA ≡ ωc/ω0 = λ0/(4pia) ≫ 1, where λ0 =
2pic/ω0 is the characteristic absorption wavelength of an atom. This assumption is satisfied
at atom-plane separations a ≪ λ0. We have once more introduced the new variables in
Eq. (16), but changed the order of integrations in ζ and y rather than first integrate with
respect to y as was done previously. The result is
E(a) = − ~c
16pia4
∫ ∞
0
y2dye−y
∫ y
0
dζα(iωcζ). (20)
Substituting Eq. (19) into Eq. (20) and integrating in ζ , we get
E(a) = − ~c
16pia4
α(0)
1
βA
∫ ∞
0
y2dye−yarctan(βAy). (21)
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Taking into account that βA ≫ 1, it is possible to replace arctan(βAy) with pi/2 without
loss of accuracy. This leads to
E(a) = − ~c
4λ0a3
α(0). (22)
Note that although in Eq. (22) the same distance dependence appears (inverse third power
of separation), as in the nonrelativistic limit in Eq. (13), it is quite different in nature.
Particularly Eq. (13) does not contain the velocity of light, as is appropriate for the nonrel-
ativistic limit, whereas Eq. (22) does. In fact, the nonrelativistic limit cannot be achieved
for an ideal metal wall, because the characteristic absorption wavelength of an ideal metal is
zero. The dependence of the Casimir-Polder energy at short separation distances in Eq. (22)
on the velocity of light should be considered as an indication that at these separations the
approximation of ideal metal is not applicable.
Now, we consider any separation distance larger than 1µm including those larger than
3µm. Here, one can use the static atomic polarizability, but should take thermal effects into
account. Introducing the dimensionless variables (4) we rearrange the free energy given by
Eq. (15) into the form
F(a, T ) = −kBT
4a3
α(0)
∞∑
l=0
′
∫ ∞
ζl
y2dye−y. (23)
After performing the integration and summation one obtains
F(a, T ) = ECP(a) η(a, T ), (24)
where the Casimir-Polder energy is given in Eq. (18) and the correction factor is
η(a, T ) =
τ
6
[
1 +
2
eτ − 1 +
2τeτ
(eτ − 1)2 +
τ 2eτ (eτ + 1)
(eτ − 1)3
]
. (25)
Note that the parameter τ , defined in Eq. (4), is linear in separation and temperature. The
asymptotic behavior of the correction factor (25) at low temperature is given by
η(a, T ) = 1− τ
4
2160
+
τ 6
15120
− τ
8
241920
+O(τ 10). (26)
The Casimir-Polder force between an atom and an ideal metal plane can also be presented
in a form similar to Eq. (24). For this purpose one can use Eq. (7) with the reflection
coefficients (14) or calculate the negative derivative with respect to a from both sides of
Eq. (24). The result is
F (a, T ) = FCP(a)κ(a, T ), FCP(a) = − 3~c
2pia5
α(0). (27)
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The correction factor to the Casimir-Polder force FCP(a) can be represented as
κ(a, T ) =
3
4
η(a, T ) +
τ 4eτ (e2τ + 4eτ + 1)
24(eτ − 1)4 . (28)
The asymptotic behavior of this correction factor at low temperature is given by
κ(a, T ) = 1− τ
6
30240
− τ
8
241920
+O(τ 10). (29)
It is interesting that representations like (24) and (26) for the free energy or (27) and (29)
for the force of atom-wall interaction can be obtained directly from the Lifshitz formulas
describing the Casimir interaction between metallic and dielectric plates when the dielectric
plate is dilute [23, 24, 25].
Now, we are in a position to find the entropy of the Casimir-Polder interaction. Cal-
culating the negative derivative of Eq. (24) with respect to the temperature, we get the
expression
S(a, T ) =
3kB
2a3
α(0)σ(a, T ), (30)
where
σ(a, T ) =
1
τ
η(a, T )− τ
3eτ (e2τ + 4eτ + 1)
6(eτ − 1)4 . (31)
It can easily be seen that the asymptotic expansion of the entropy factor, σ, at low temper-
ature is given by
σ(a, T ) = − τ
3
540
+
τ 5
2520
+O(τ 7). (32)
Thus, the Casimir-Polder entropy goes to zero when temperature vanishes in accordance
with the Nernst heat theorem. Note, however, that at low temperatures (small τ) the
entropy (30) takes negative values. In Fig. 1 we plot the entropy factor σ from Eq. (30) in
the configuration of an atom near an ideal metal plane as a function of τ . As is seen in Fig.
1, the Casimir-Polder entropy is negative for 0 < τ < 3 and positive for larger τ . This is
in accordance with the respective results for the configuration of metal and dielectric plates
[23, 24, 25]. Keeping in mind that the Lifshitz formula for an atom near a metal plate is
obtained from the formula describing the two parallel plates one of which being metallic and
the other a dilute dielectric, the similarity obtained in the behavior of entropy appears quite
natural.
In the high temperature limit T ≫ Teff , only the zero-frequency term in Eq. (23) deter-
mines the total result, whereas all terms with l ≥ 1 are exponentially small. In this case
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Eq. (23) leads to
F(a, T ) = −kBT
4a3
α(0). (33)
This is the classical limit [40, 41] of the Casimir-Polder free energy because the right-hand
side of Eq. (33) does not depend on ~. In this situation, the respective expressions for the
Casimir-Polder entropy and force are given by
S(a, T ) = − kB
4a3
α(0), F (a, T ) = −3kBT
4a4
α(0). (34)
IV. ATOM NEAR A REAL METAL PLATE
Here, we consider a metal plate made of Au described by the plasma model
ε(ω) = 1− ω
2
p
ω2
(35)
with the plasma frequency ωp = 9.0 eV. This allows rather precise results at separation
distances larger than the plasma wavelength λp = 137 nm. At these separations the dy-
namic polarizability of an atom can be represented using the single-oscillator model (19).
For example, for the metastable helium atom He∗ we have α(0) = 315.63 a.u. (one a.u. of
polarizability is equal to 1.482×10−31m3), ω0 = 1.18 eV = 1.794×1015 rad/s [42]. Equation
(19) with the above value of ω0 is appropriate in the frequency region contributing to the
Casimir-Polder interaction. This was demonstrated in Ref. [8] by comparing the computa-
tional results obtained using the single-oscillator model with that using the highly accurate
atomic dynamic polarizability.
Under these conditions the correction factors η(a, T ) and κ(a, T ) to the Casimir-Polder
free energy and force, respectively, were computed in Ref. [6] using the Lifshitz formulas (5)
and (7). It was shown that at short separations the effect of the nonzero skin depth of the
metal wall is much greater for an atom described by the static polarizability than for an
atom described by its dynamic polarizability. In particular, for a real atom characterized
by the dynamic polarizability the corrections due to nonzero skin depth of a metal wall are
much less than for two metal plates. For example, for two parallel plates the use of the
plasma model instead of the tabulated optical data at the separations considered leads to
an error of less than 2% in the free energy [39]. For atom-wall interaction, however, the
use of the plasma model leads to less than 1% error in the values of the Casimir-Polder free
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energy and force compared to the use of ε(iξ) obtained from the complete tabulated optical
data. One can also conclude [6] that at shorter separations a proper account of the dynamic
atomic polarizability is more important than that of the nonzero skin depth. At intermediate
separation distances from 1 to 3µm the dynamic atomic polarizability and the nonzero skin
depth of the metal play qualitatively equal roles. With increasing a the role of the dynamic
polarizability becomes negligible, and the free energy is determined solely by α(0). The
high-temperature asymptotic expression (33) becomes applicable at a > 6µm. The overall
conclusion is that corrections due to nonzero skin depth, dynamic atomic polarizability and
nonzero temperature should be taken into account in precise esperiments. In the case of the
Casimir-Polder force, the correction factors play even a stronger role than in the case of the
free energy. In Sec. VI numerical computations using the Lifshitz formula (5) are performed
in a wide separation region. The dielectric permittivity of wall material is found from
the complex index of refraction [43]. The results are compared with the phenomenological
potentials used in the theoretical description of quantum reflection.
Within the separation distance from 1 to 3µm, where the thermal correction is small, the
role of corrections to the Casimir-Polder energy due to the nonzero skin depth and dynamic
polarizability can be illustrated analytically. For this purpose one can start from the plasma
and single-oscillator models and use the perturbative expansion in the relative skin depth
δ0/a = λp/(2pia) and in the oscillator parameter βA. Expanding the function h(ζ, y) in
Eq. (10) up to the second power in both parameters, we obtain
h(ζ, y) = −α(0)e−y
[
2y2 − 2β2Aζ2y2 +
(
ζ4
y
− 3ζ2y
)
δ0
a
+
1
2
(
2ζ4 − ζ
6
y2
+ ζ2y2
)(
δ0
a
)2]
. (36)
Now we substitute (36) into the first equality of Eq. (10), change the order of integrations
and calculate integrals with respect to ζ and to y. The result is
E(a) = ECP(a)
[
1− 20
3
β2A −
8
5
δ0
a
+
62
21
(
δ0
a
)2]
, (37)
where ECP(a) is defined in Eq. (18). Substituting the above parameters for the Au wall and
He∗ atom, we find that at a = 1µm the correction to unity due to nonzero skin depth is
equal to –0.034, whereas the correction due to dynamic polarizability is equal to –0.046. At
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a = 2µm these corrections are –0.018 and –0.012, respectively, and they decrease further
with the increase of separation. From Eq. (37) it can be seen that at a separation distance
of about 1µm the corrections to the Casimir energy due to the nonzero skin depth and
dynamic polarizability of the atom play a qualitatively equal role, as was discussed on the
basis of the numerical computations.
The respective expression for the Casimir-Polder force is obtained as being the negative
derivative of both sides of Eq. (37) with respect to a
F (a) = FCP(a)
[
1− 10β2A − 2
δ0
a
+
31
7
(
δ0
a
)2]
, (38)
where FCP(a) is defined in Eq. (27).
V. ASYMPTOTIC BEHAVIOR AT LOW TEMPERATURE
We now turn our attention to the examination of the low-temperature behavior of the
Casimir-Polder free energy, entropy and force for an atom interacting with a metallic wall
made of real metal. This allows one to solve complicated problems on the consistency of the
Lifshitz theory, as adapted for atom-wall interaction, with thermodynamics. The asymptotic
expressions obtained in this section can also serve as a test for some generalizations of the
Lifshitz theory. As above, we describe a real metal by means of the plasma model and the
atom with a single-oscillator expression for the dynamic polarizability. Thus, separation
distances larger than 150 nm are applicable.
We start once again from the function h(x, y) defined in Eq. (10) but expand it to the
second power of only the parameter δ0/a
h(x, y) = − α(0)
1 + β2Ax
2
e−y
[
2y2 +
(
x4
y
− 3x2y
)
δ0
a
+
1
2
(
2x4 − x
6
y2
+ x2y2
)(
δ0
a
)2]
(39)
≡ h0(x, y) + h1(x, y) + h2(x, y),
where hk(x, y) (k = 0, 1, 2) are the contributions to h(x, y) of order (δ0/a)
k. The function
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H(x) defined in Eq. (10) is given by
H(x) = H1(x) +H2(x) +H3(x), (40)
Hk(x) =
∫ ∞
x
dyhk(x, y).
To calculate the thermal correction to the Casimir-Polder energy defined in Eq. (10) one
needs to find the difference H(itτ) − H(−itτ). This is most easily done for every Hk(x)
separately. Thus, for k = 0
H0(x) = − 2α(0)
1 + β2Ax
2
∫ ∞
x
dye−yy2
= − 2α(0)
1 + β2Ax
2
e−x(2 + 2x+ x2). (41)
Expanding this in powers of x we obtain
H0(itτ)−H0(−itτ) = −4iα(0)τ 3t3
[
1
3
(42)
−
(
1
10
− β
2
A
3
)
τ 2t2 +
(
1
168
− β
2
A
10
+
β4A
3
)
τ 4t4
]
.
Substituting Eq. (42) into the third equality of Eq. (10) and integrating in t, we find the
respective contribution to the thermal correction which is given by
∆TF0(a, T ) = ~cα(0)
128pia4
τ 4
[
1
45
− τ
2
315
(
1− 10
3
β2A
)
+
τ 4
5040
(
1− 84
5
β2A + 56β
4
A
)]
. (43)
For βA = 0 this is just the thermal correction for an atom described by the static polarizabil-
ity near an ideal metal plane calculated using a different method in Sec. III and contained
in Eqs. (24) and (26).
In a similar way, for k = 1 one has
H1(x) = − α(0)
1 + β2Ax
2
δ0
a
∫ ∞
x
dye−y
(
x4
y
− 3x2y
)
=
α(0)
1 + β2Ax
2
δ0
a
[
3x2e−x(1 + x)− x4Γ(0, x)] , (44)
where Γ(z, x) is the incomplete gamma function. Expanding this in powers of x, we obtain
H1(itτ)−H1(−itτ) = iα(0)τ 4t4 δ0
a
(45)
×
(
pi + piβ2Aτ
2t2 − 4
45
τ 3t3
)
.
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The contribution from this to the thermal correction is given by
∆TF1(a, T ) = −~cα(0)
128pia4
τ 5
δ0
a
(46)
×
[
3ζR(5)
pi4
+ β2Aτ
2 45ζR(7)
2pi6
− τ
3
1350
]
.
For k = 2 one arrives at
H2(x) = − α(0)
2(1 + β2Ax
2)
(
δ0
a
)2 ∫ ∞
x
dye−y
(
2x4 − x
6
y2
+ x2y2
)
(47)
= − α(0)
2(1 + β2Ax
2)
(
δ0
a
)2 [
2x4e−x − x6Γ(−1, x) + x2e−x(2 + 2x+ x2)] .
After expanding in powers of x the following equality is obtained:
H2(itτ)−H2(−itτ) = iα(0)
2
τ 5t5
(
δ0
a
)2
(48)
×
[
20
3
− piτt + 2
15
(1 + 50β2A)τ
2t2
]
.
This implies that respective contribution to the thermal correction is
∆TF2(a, T ) = −~cα(0)
128pia4
τ 6
(
δ0
a
)2
(49)
×
[
5
189
− 45ζR(7)
4pi6
τ +
1
1800
(1 + 50β2A)τ
2
]
.
Taking together Eqs. (43), (46) and (49), we find the low-temperature asymptotic behav-
ior of the Casimir-Polder free energy
∆TF(a, T ) = ~cα(0)
128pia4
τ 4
{
1
45
− τ
2
315
(
1− 10
3
β2A
)
(50)
+
τ 4
5040
(
1− 84
5
β2A + 56β
4
A
)
− τ δ0
a
[
3ζR(5)
pi4
+ β2Aτ
2 45ζR(7)
2pi6
− τ
3
1350
]
− τ 2
(
δ0
a
)2 [
5
189
− 45ζR(7)
4pi6
τ +
1
1800
(1 + 50β2A)τ
2
]}
.
This expression includes the effect of both the nonzero skin depth of the metal plate and the
dynamic polarizability of the atom. Several terms on the right-hand side of Eq. (50) do not
contribute to the Casimir-Polder force because the quantities τ/a and τβA do not depend
on the separation distance a. Calculating the negative derivative of Eq. (50) with respect to
a, one obtains the thermal correction to the Casimir-Polder force at zero temperature (38)
∆TF (a, T ) =
~cα(0)
128pia5
τ 6
[
2
315
− τ
2
30
(
1
42
− 1
5
β2A
)
− 3τ 2 δ0
a
− τ
(
δ0
a
)2(
45ζR(7)
4pi6
− 2τ
)]
. (51)
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At δ0 = βA = 0 this expression coincides with the thermal correction contained in Eqs. (27)
and (29) derived for an ideal metal wall interacting with an atom characterized by the static
polarizability.
Equation (50) allows the calculation of the Casimir-Polder entropy at low temperature.
Calculating the negative derivative with respect to temperature of both sides of Eq. (50),
we arrive at
S(a, T ) = −kBα(0)
32a3
τ 3
[
4
45
− 2τ
2
105
(
1− 10
3
β2A
)
− τ δ0
a
15ζR(5)
pi4
− 10
63
τ 2
(
δ0
a
)2]
. (52)
As we can see, this entropy goes to zero when the temperature vanishes, implying that the
Nernst heat theorem is satisfied. Although in the derivation of Eq. (52) we used the plasma
model, this conclusion is valid for any other approach to the description of real metals, in-
cluding the Drude model approach [28]. The point to note is that the TE reflection coefficient
at zero frequency does not contribute to the Casimir-Polder atom-wall interaction. Regard-
ing the contributions of all other Matsubara frequencies and the TM reflection coefficient at
ξ = 0, different theoretical approaches to the description of a real metal in the framework
of the Lifshitz theory lead to practically coincident results [26]. Thus the standard Lifshitz
theory of atom-wall interaction in the case of a metal wall is thermodynamically consistent.
At the same time, as seen from Eq. (52), S(a, T ) at low temperature is negative. Thus,
this property of the atom-wall configuration, discussed above in the case of an ideal metal
wall (Sec. III), is also preserved for real metal walls. Note that the asymptotic expressions
(33), (34) obtained for an atom near ideal metal wall at high temperature are valid for real
metal wall as well. Nonzero skin depth does not play any role at high temperatures (large
separations).
In contrast to the case of metal wall, the interaction of the atom with dielectric walls runs
into problems when the dc conductivity of the wall material is included into the model of the
dielectric response. Specifically, in this case the Casimir entropy calculated in the framework
of the Lifshitz theory takes positive value at zero temperature, i.e., the Nernst theorem is
violated [44]. Theoretical results for atom-wall interaction calculated with included small
dc conductivity of a dielectric wall are shown to be experimentally inconsistent [35].
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VI. ACCURACY OF THE PHENOMENOLOGICAL POTENTIAL USED TO DE-
SCRIBE QUANTUM REFLECTION
Practically all papers devoted to the investigation of quantum reflection (see, e.g.,
Refs. [16, 17, 21, 22, 45, 46, 47, 48]) use the phenomenological potential of atom-wall
interaction at zero temperature to calculate the reflection amplitude. In fact, the reflec-
tion amplitude for ultra cold atoms depends critically on the shape of the potential in two
asymptotic regions of small and large atom-wall separations. Specifically, it was shown [45]
that the reflection amplitude depends on the dimensionless parameter
ρ =
√
2ma
~
C3√
C4
, (53)
where ma is the mass of an atom. In this case for ρ < 1 the nonretarded interaction (13)
is dominant in the quantum reflection, whereas for ρ > 1 the retarded interaction (18)
becomes dominant. For atoms of metastable He∗ interacting with Au or Si walls considered
below the parameter ρ is large and the reflection amplitude mostly depends on the Casimir-
Polder potential [21, 45, 46]. The shape of the potential in the transition region between the
nonretarded and retarded interactions may contribute to the reflection amplitude markedly
only for atoms with increased velocity. Below we compare the phenomenological potentials
used in quantum reflection with more accurate interaction energies computed using the
Lifshitz formula at both zero and nonzero temperature.
The most often used phenomenological potential (interaction energy) has the form
E(a) = − C4
a3(a+ l)
, (54)
where l is a characteristic parameter with the dimension of length that depends on the
material. It is supposed that at short separations a≪ l (typically at separations of order a
few nanometers), E(a) coincides with the van der Waals potential V3, so that C4 = lC3. The
coincidence between E(a) and the Casimir-Polder potential V4 is achieved at separations of
about 10µm where l is negligibly small in comparison with a. At such large separations
the correction factor to the Casimir-Polder energy due to nonzero skin depth and dynamic
atomic polarizability is practically equal to unity.
As an example we consider the Au wall and the atom of metastable He∗. Using the value
of α(0) presented in Sec. IV, one obtains from Eq. (18) the magnitude of the Casimir-Polder
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coefficient CAu4 ≈ 1.1 eVnm4 ≈ 1.8× 10−55 Jm4. The value of the van der Waals coefficient
C3 for Au can be computed from Eq. (13). In so doing one should use the tabulated optical
data for the complex index of refraction of Au [43] in order to find the values of ε along
the imaginary axis, and the highly accurate data for the dynamic polarizability of He∗ atom
[at short separations of a few nanometers the plasma model (35) and the single-oscillator
model (19) are not applicable in precise computations). The computations (see Ref. [8] for
details) lead to CAu3 ≈ 1.6 a.u. ≈ 6.4×10−3 eVnm4 ≈ 10.2×10−49 Jm4. From this we obtain
lAu = CAu4 /C
Au
3 ≈ 172 nm for the Au wall and He∗ atom.
In Fig. 2(a) the phenomenological interaction energy (54) multiplied by a factor a4 is
plotted as a function of separation for the case of He∗ atom interacting with Au wall (the
dashed line). In the same figure the solid line shows the computational results for the
quantity a4E(a), where the accurate interaction energy E(a) = E(a) is defined in Eq. (10)
in accordance with the Lifshitz formula at zero temperature. As is seen in Fig. 2(a), at
short and large separations the phenomenological potential (54) almost coincides with the
accurate interaction energy, as given by the Lifshitz formula. To give a better understanding
of the correlation of the two potentials at separations below 1µm, i.e., in the most important
region for the experiments on quantum reflection, in Fig. 2(b) both lines are shown in an
enlarged scale. It is seen that the solid and dashed lines coincide at a ≤ 50 nm. The relative
difference between the accurate and phenomenological interaction energy,
δE(a) =
Eacc(a)−Eph(a)
Eacc(a)
, (55)
is a nonmonotonous function and varies from 5.7% at a = 100 nm to 7.9% at a = 1µm. The
largest values of δE are achieved at moderate separations, which are interesting from the
experimental point of view: δE = 10.2%, 10.4% and 10.2% at separation distances a = 300,
400 and 500 nm, respectively.
Now we consider the atom of metastable He∗ near a high resistivity Si wall (dielectric
materials are often used in the experiments on quantum reflection). In this case Eq. (18) is
not applicable. The value of the Casimir-Polder coefficient CSi4 ≈ 0.75 eVnm4 was computed
in Ref. [22] using the Lifshitz formula. The permittivity of dielectric Si along the imaginary
frequency axis with εSi(0) = 11.66 was computed from the tabulated optical data and
Kramers-Kronig relations [8, 43]. In a similar way the value of the van der Waals coefficient
CSi3 ≈ 5.5× 10−3 eVnm4 was obtained in Refs. [8, 22]. This leads to lSi ≈ 136 nm for a He∗
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atom near Si wall.
As an illustration, in Fig. 3(a) we plot the phenomenological interaction energy (54)
multiplied by a factor a4 as a function of separation for the case of He∗ atom interacting
with Si wall (the dashed line). The solid line presents the computational results for the
quantity a4|E(a)| obtained using the Lifshitz formula as described above. In Fig. 3(b)
the same lines are reproduced on an enlarged scale at separations below 1µm. As is seen
in Figs. 3(a,b), at separations below 50 nm and at about 10µm the limiting cases of a
nonrelativistic and relativistic potentials V3 and V4, respectively, are achieved. The relative
difference (55) between the accurate and phenomenological interaction energies varies from
9.4% at a = 100 nm to 8.6% at a = 1µm. However, at intermediate separations δE achieves
the largest values which are equal to 12%, 12.5%, 12.2% and 11.6% at separations a = 200,
300, 400, and 500 nm, respectively. Thus, for the Au wall the phenomenological interaction
energy provides a more accurate model of atom-wall interaction than for the Si wall. This
is connected with the fact that the strength of atom-wall interaction for Si wall is weaker
than in the case of an Au wall.
The above computations using the Lifshitz formula were performed at zero temperature.
It is instructive to compare the phenomenological potential (54) with the results of more ac-
curate computations using the Lifshitz formula at the temperature at laboratory T = 300K.
Computations were performed by substituting the same, as above, dielectric permittivity
of Au and Si and dymanic polarizability of He∗ atom along the imaginary frequency axis
into Eq. (5). The computational results for the quantity a4|F(a, T )| are shown by the solid
lines in Fig. 4(a) for the Au wall and in Fig. 4(b) for the Si wall. In addition, in these
figures the same results, as in Figs. 2(a) and 3(a), for the quantity a4|E(a)|, where E(a) is
the phenomenological potential (54) for Au and Si walls, respectively, are reproduced with
dashed lines. From the comparison between Figs. 2(a) and 4(a) it is seen that for an Au
wall at separations a ≤ 2µm from He∗ atom the relative differences between the accurate
and phenomenological potentials are approximately the same in the cases when the accurate
potential is computed at zero temperature or at T = 300K. However, with the increase of
separation the accurate potential, i.e., the free energy, computed at T = 300K (the solid
line) deviates significantly from the phenomenological potential in accordance with the clas-
sical limit in Eq. (33). For Au [Fig. 4(a)] the largest deviation shown in the figure is equal
to 31%. It is achieved at a = 5µm.
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For the He∗ atom near the Si wall [Fig. 4(b)], the thermal effects play a more important
role. The comparison between Figs. 3(a) and 4(b) demonstrates that here the differences
between the accurate, F(a, T ), and phenomenological, E(a), potentials can be considered
as temperature-independent only below 0.5µm. Computations show that at a = 1µm the
relative difference between them is equal to 9.6% (whereas, as indicated above, it is equal to
only 8.6% when the zero-temperature Lifshitz formula is used). At the separation a = 5µm
the relative difference between the accurate temperature-dependent and phenomenological
potentials achieves 43.5%.
Larger deviations between the accurate temperature-dependent potential and the phe-
nomenological potential for dielectrics than for metals are explained by the existence of tem-
perature and separation regions where the Casimir-Polder entropy is negative (see Secs. III–
V). The phenomenon of negative entropy occurs only for atoms near a metallic plate. As a
result, within some range of temperatures, the sign of the thermal correction to the Casimir-
Polder energy is opposite to the sign of the energy and the respective free energy becomes
nonmonotonic. This makes smaller the difference between the accurate free energy, as com-
puted by the Lifshitz formula, and the phenomenological potential. On the contrary, for an
atom near a dielectric wall the Casimir-Polder entropy is always positive [44]. This follows
from the same property of the entropy in the configuration of two dielectric plates [31, 49].
Then the thermal correction and the Casimir-Polder energy have the same sign and the
magnitude of the free energy is a monotonously increasing function of the temperature.
Thus, with the increase of temperature (or separation) differences between the accurate free
energy and the phenomenological potential can only increase.
VII. CONCLUSIONS AND DISCUSSION
In the foregoing we have investigated some novel aspects of the Casimir-Polder interaction
between an atom and a metal wall. For an ideal metal wall, the cases of short separations
on the one hand, and moderate and large separations, on the other hand, were considered.
At short separations, the delicate problem connected with the dependence of the Casimir-
Polder free energy on the velocity of light was discussed. At moderate and large separations
the analytical expressions for the Casimir-Polder free energy, force and entropy were ob-
tained. It is shown that the Nernst heat theorem is satisfied, but at low temperatures the
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Casimir-Polder entropy takes negative values. This conclusion was extended to the case
of real metals. First, the role of different corrections due to nonzero skin depth, dynamic
atomic polarizability and nonzero temperature was discussed and simple analytical expres-
sions applicable to real metal walls were obtained. Then, the asymptotic behavior of the
Casimir-Polder free energy and force was derived for an atom near a real metal wall. This
permitted us to prove the Nernst heat theorem and demonstrates that the Casimir-Polder
entropy takes negative values within some temperature range, as is the case of ideal metal
wall.
The results obtained were applied to compare the phenomenological potential used in
the theoretical interpretations of experiments on quantum reflection and the accurate atom-
wall interaction energy computed on the basis of the Lifshitz theory. This comparison was
performed for metastable He∗ atoms within a wide separation region from 20 nm to 10µm
for both metal and dielectric walls. It was shown that at separations below 1µm the phe-
nomenological potential deviates from the accurate one up to 10.4% for a metal (Au) wall
and up to 12.5% for a dielectric (Si) wall. At a separation a = 5µm, where the thermal effect
plays an important role, the relative differences between the accurate and phenomenological
potentials achieve 31% and 43.5% for metallic and dielectric walls, respectively. The de-
creased relative differences of the accurate and phenomenological potentials for metal walls
are explained by the negativeness of the Casimir-Polder entropy. Bearing in mind that most
of experiments on quantum reflection are performed with dielectric walls, the use of a more
accurate potential seems to be preferable for the comparison of the measurement data with
theory.
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FIG. 1: The entropy factor σ from Eq. (30) for an atom near an ideal metal wall as a function of
τ .
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FIG. 2: Magnitude of the interaction energy between an atom of metastable He∗ and Au wall
multiplied by the fourth power of separation versus separation. Computations are performed using
the Lifshitz formula at T = 0 (the solid lines) and the phenomenological potential (54) (the dashed
lines). (a) Separation varies from 20 nm to 10µm. (b) Separation varies from 20 nm to 1µm.
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FIG. 3: Magnitude of the interaction energy between an atom of metastable He∗ and Si wall
multiplied by the fourth power of separation versus separation. Computations are performed using
the Lifshitz formula at T = 0 (the solid lines) and the phenomenological potential (54) (the dashed
lines). (a) Separation varies from 20 nm to 10µm. (b) Separation varies from 20 nm to 1µm.
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FIG. 4: Magnitude of the free energy between an atom of metastable He∗ and (a) Au or (b) Si
wall multiplied by the fourth power of separation as a function of separation is shown by the solid
lines. The free energy is computed at T = 300K using the Lifshitz theory. For comparison the
phenomenological potential (54) for (a) Au and (b) Si walls is shown by the dashed lines.
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